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1. INTRODUCTION 
In 1923 Langmuir’s investigations [l] into the theory of the flow of current 
from a hot cathode to a positively charged anode in high vacuum led to the 
equation 
3y g + g,” + 4y g + y2 = 1. 
A more convenient form [2], 
(1) 
(2) 
is obtained by means of the transformation y = se-x/2. 
Though Langmuir’s equation is of considerable interest, little is known 
about its properties since both forms, Eq. (1) and Eq. (2) are difficult to study. 
In the next section two new forms of Eq. (1) are derived from which, in 
Section 3, asymptotic phase-plane solutions in closed form are obtained. 
A study of superposition principles for nonlinear operators motivated 
this work [3]. In particular, a canonical form for a number of ordinary non- 
linear differential operators, T, which appear in the applications is 
T(u) = h(u) g-w fe417 (3) 
where h, g and f are functions in the domain of T, and L is a linear differential 
operator. Examples of operators having such a representation are also provided 
in [4]. The form given in (3) may be defined in a more general context 
which, however, is not necessary for the purpose of this paper. 
* This research was conducted primarily while the author was at the University 
of Illinois and sponsored jointly by the U. S. Air Force Office of Scientific Research 
AF-AFOSR Grant 7-66 and U. S. Air Force Systems Engineering Group Contract 
AF 33(615)-3890. 
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2. THE NEW FORMS 
Note that in Eq. (1) if the first two terms had the same coefficient, say a, 
the equation could be put into the form 
where 
L(y2) = 1 
a d2y dr 
L(Y)=zp+2z+Y’ 
(4 
an equation whose solution is readily obtained. Lamentably, this is not the 
case for Langmuir’s equation, though a representation similar to (4) may be 
obtained. In particular, h, f and L are sought such that 
where 
A(Y) = 3Y g + (2,” + 4Y 2 + Y2 = h(Y)L(f (YN (5) 
L(Y) = a2(4 $T$ + +> g + a&) y. 
Notice that the g in (3) is here assumed to be the identity transformation. 
Proceeding by expanding the right-hand side of (5) leads to 
4y)Ufb’N = 4~) [a2 1% ($j’ + f g/ + ~16; +aof] . (6) 
Matching the coefficients of like terms results in the following relations: 
a2w h(Y) 3 = 1 
a2(4 h(Y) 3 = 3Y 
(7) 
al(x) k(y) df = 4y 
dY 
(9) 
44 h(Y)f = Y2* (10) 
It is immediately seen that the U<(X) (i = 0, 1,2) must be constant since f 
and h are functions of y only. Let 
ai = hi , i=o, 1,2, (11) 
with 
k, = 2 k, (12) 
obtained from (8) and (9). 
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Dividing Eq. (7) by Eq. (8) provides the equation 
df' dr -- 
f' =3y [f' =$I 
which when integrated yields 
f’(y) = cy”3. 
Hence 
f(Y) =Y4’3 
with the arbitrary constant c set, for convenience at Q. 





There remains the evaluation of the constants Ki . 
Substituting (13) and (14) into (9) shows that 
k, = 3$ (15) 
which together with (12) constitute the set of independent constraints for the 
K’s. Assigning k, the value of one leads to 
k, = I, k, = 3 and k,=s. (16) 
These calculations then show that Langmuir’s equation may be written as 
A(y) = y2’3L(y4’3) = 1, (17) 
with 
9 d2y dy 
L(Y)=qp+3dJE.+y. 
By a fortunate coincidence L turns out to be a perfect square namely, 
L(y) = (8 D + l)%Y, 
Where as usual D = d/dx. 
Therefore, 
A(y) = PY~‘~(D + $)2y4’3 = 1. (18) 
The symmetry between the exponents of y and the exponent and the trans- 
lation constant of the differential operator in Eq. (18) is rather remarkable. 
This unusual algebraic structure may well provide clues about the properties 
of Langmuir’s equation. Perhaps an inspired reader may find ways of utilizing 
the symmetry to this end. 
From Eq. (18) the two new forms may be immediately obtained. 
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Recalling the translation identity 
(D + Y)” u = e+ Dk(erzu) 
and applying to Eq. (18), by means of the transformation 
yields 
u = e1/3z 213 Y > 
d2u2 4 
24 dx2 = T ex. 
(19) 
(20) 
This equation has a form distinctly superior to Eq. (1) since it involves 
only one nonlinear term. Notice that u = e1/3s is a solution of Eq. (20) which 
corresponds to the singular solutions y = -& 1 of Eq. (1). 
A different approach may also be pursued with Eq. (18). Since this, as well 
as Eq. (l), is an autonomous equation, employ 
dv 
P=p with &I2 - 213 -Y * (21) 
to reduce the order by one obtaining 
p f$ + +p = $ (v-1/2 - v). (22) 
Eq. (22) is seen to be an Abel equation of the second kind [5], and can be 





z = v112 (positive branch) (24) 
(q - f 9) 2 = ; (1 - 3). (25) 
The connection between Langmuir’s equation and Abel’s equation, 
Eq. (25), is exploited in the next section. 
3. PHASE-PLANE SOLUTIONS 
The elegant formulations of Langmuir’s equation are Eqs. (18) and (20), 
though unfortunately, the attempts to study these equations have not been 
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fruitful thus far. On the other hand, Eq. (25) yields asymptotic solutions b!- 
some fairly direct methods as shown in this section. 
In Eq. (25) the forcing term is such that for small values of u” (say x / < 4) 
the constant term dominates while for large z (say i z / > 2) the cubic term 
dominates. For values of z close to one the forcing term becomes very small. 
Guided by these observations the solutions are now obtained in these three 
different regions. 
For large j x 1 Eq. (25) is approximated by 
Letting 
w(q) = + 22 
in Eq. (26) results in 
wwf - 4w + 4q = 0, 
an equation whose exact solution is known [6], 
(27) 
(28) 
(w - 24) exp (w-2~qj = C 
or, in terms of ZI and v’, 
(29) 
(30) 
A more convenient parametric representation for the phase-plane solution 
is provided by letting 
a=v’$~v 
in Eq. (30), yielding 
v = [In c&r’““] , v’ = In i$--,“. 
The extrema of y are easily obtained from Eq. (30) by setting y’ 
are at 
y = (+ l&j,‘: 
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This is a Riccati equation which may be linearized into 
27 
t” - 16 qt = 0, (37) 
by means of the transformation 
w(q) = A- t10. 
3 t(4) (38) 
Eq. (37) may be converted into a Bessel equation, namely 
Y2#“(Y) + Yf(Y) - (& + Y2) qh(r) = 0 (39) 
with 
t(q) = Y’(S), 
3 
s=24/34 (40) 
944 = $4,) 6 3 y = $ 312 (41) 
being the intermediate steps. 
The solution of Eq. (39) is 
?w = &/3W + CzL/3(~) (42) 
where I, is the modified Bessel function of the first kind and of order p. 
Reversing the steps yields 
t(4) = $F2 ~cx,. (9 F2) + CJ-113 (9 F) 1 , (43) 
an expression resembling Airy’s function. 
Using the formula [7] 
w(q) is obtained as 
w(q) = 1 + ?!2 q 112 L 
A % 4 (44) 
409126/2-14 
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with w(g) = TP 
q-+’ and (45) 
It is fascinating to discover that Langmuir’s equation is connected with 
the earlier works of Abel, Riccati, Bessel and Airy. 
A great deal of difficulty arises in the investigation of the solution of Eq. (25) 
in the neighborhood of z = 1. It is instructive to see why. Let 
Z=l+E (46) 
with E small and substitute in Eq. (25) neglecting c3 to obtain 
[ 4 
- f (1 + c,s] 2 = - + E(1 + C). 
Adding and subtracting 3 (1 + C) to the right-hand member results in 
(47) 
Employing the transformation 
m(q) = x 
leads to 
2(m - m2) m’ + m2 = 2 q 
which may also be written as 
e2pn(D, + 1) (e-2mm2) = 2 q, 
or equivalently 
It has not been possible thus far to solve Eq. (47) or its alternate forms. 
An equation more tractable than Eq. (47) results when a rougher but still 
fairly accurate approximation is introduced in Eq. (25). In particular for z 





8 1 U-----E=-- 
3 zu 
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converts Eq. (48) to 
W’=gWs+$E(l ++zua, (4% 
an Abel equation of the first kind. This equation is related to the Lane- 
Emden equation [8]. The connection is, however, rather involved and only 
partial information regarding the solution of Eq. (48) is obtained in this way. 
These difficulties result from the fact that at 1 z 1 = 1 the singular solu- 
tions, y = & 1, of the original Langmuir equation occur. However, ignoring 
the nonlinear terms in x2 and z3 for 1 E j < $ , still provides a useful approxi- 
mation and also results in an equation that can be solved, namely: 
By letting 
Eq. (50) becomes 
u=q-+-;< (51) 
uu’ + 5 u + g E = 0, 






Xl = - E2 + - EU + u2 and x2 = _ tan-1 !?I?.2 . 
3 
3 3 2 2/2 2 d/26 
Plots of the solutions, Eqs. (32), (45) and (53) are being prepared and are 
to be presented in a companion paper in the near future. In addition the 
solutions will be compared to those obtained numerically. 
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